This paper deals with the problem of multi-degree reduction of a composite Bézier curve with the parametric continuity constraints at the endpoints of the segments. We present a novel method which is based on the idea of using constrained dual Bernstein polynomials to compute the control points of the reduced composite curve. In contrast to other methods, ours minimizes the L 2 -error for the whole composite curve instead of minimizing the L 2 -errors for each segment separately. As a result, an additional optimization is possible. Examples show that the new method gives much better results than multiple application of the degree reduction of a single Bézier curve.
Introduction
In recent years, many methods have been used to reduce the degree of Bézier curves with constraints (see, e.g., [1-6, 8, 9, 11, 13-20] ). Most of these papers give methods of multi-degree reduction of a single Bézier curve with constrains of endpoints (parametric or geometric) continuity of arbitrary order with respect to L 2 -norm. Observe, however, that degree reduction schemes often need to be combined with the subdivision algorithm, i.e., a high degree curve is replaced by a number of lower degree curve segments, or a composite Bézier curve, and continuity between adjacent lower degree curve segments should be maintained. Intuitively, a possible approach in such a case is applying the multi-degree reduction procedure to one segment of the curve after another with properly chosen endpoints continuity constraints. However, in general, the obtained solution does not minimize the distance between two composite curves.
In this paper, we give the optimal least-squares solution of multi-degree reduction of a composite Bézier curve with the parametric continuity constraints at the endpoints of the segments. More specifically, we consider the following approximation problem.
Problem 1.1 (C
r -constrained multi-degree reduction of the composite Bézier curve). Let a = t 0 < t 1 < . . . < t s = b be a partition of the interval [a, b] . Let there be given a degree n = (n 1 , n 2 , . . . , n s ) composite Bézier curve P (t) (t ∈ 
. , s) is exactly represented as a Bézier curve
where h i := t i − t i−1 , and 
such that the squared L 2 -error
where
reaches the minimum under the additional conditions that
where r j ≥ 0 (j = 0, 1, . . . , s) and r i−1 + r i < m i − 1 (i = 1, 2, . . . , s). We will say that the curves P and Q satisfy the C r −continuity conditions at the points t 0 , t 1 , . . . , t s , where we use the notation r := (r 0 , r 1 , . . . , r s ). Here · is the Euclidean vector norm.
Remark 1.2. One may think that the conditions
would be more natural than (1.4). However, in contrast to our new method, such an approach leaves no room for additional optimization.
Remark 1.3. Sometimes, it may be useful to interpolate the endpoints of the original segments (see Example 4.2), i.e., to demand that Q(t i ) = P (t i ) holds for i = 1, 2, . . . , s − 1. In such a case, constraints (1.4) should be appropriately modified by restricting the range of j to 1, 2, . . . , r i .
The paper is organized as follows. In Section 2, we recall some results which are later applied in the solution of the problem, given in Section 3. Several illustrative examples are presented in Section 4. Finally, Section 5 contains some concluding remarks.
We end this section with introducing some notation. The shifted factorial is defined by (c) 0 := 1, (c) j := c(c + 1) · · · (c + j − 1) (j = 1, 2, . . .). The iterated forward difference operator ∆ j is given by
Moreover, we adopt the convention that in an expression of the form ∆ j γ i,k the operator ∆ j acts on the second variable (first variable being fixed), e.g.,
Preliminaries
Let us denote by Π , where k and l are natural numbers such that k + l < m − 1, the space of all polynomials of degree at most m, whose derivatives of order ≤ k at t = 0 and of order ≤ l at t = 1 vanish. There is a unique dual constrained Bernstein basis of degree m (see, e.g., [10] 
, where the inner product ·, · is given by f, g :
can be efficiently computed using the following algorithm (by convention,
Algorithm 2.1 (Computing the C-table [12] ).
Compute the entries of the first row of the table by
C k+1,m−l−1 := m k + 1 −1 m l + 1 −1 (−1) m−k−l−2 (m + k + l + 3)! (m − k − l − 2)!(2k + 2)!(2l + 2)! , C k+1,h := (h − m)(h − k)(h + k + 3) (h + 1)[(h − m) 2 − (l + 1) 2 ] C k+1,h+1 (h = m − l − 2, . . . , k + 2, k + 1). 2. For j = k + 1, k + 2, . . . , m − l − 2, compute C j+1,h = 1 A(j) {2(j − h)(j + h − m) C j,h + B(h) C j,h−1 + A(h) C j,h+1 − B(j) C j−1,h } (h = k + 1, k + 2, . . . , m − l − 1) with A(u) := (u−m)(u−k)(u+k +2)/(u+1), B(u) := u(u−m−l−2)(u−m+l)/(u−m−1).
Remark 2.2.
Note that the complexity of the algorithm is O(m 2 ). In [14, Proposition 3], Lu observed that-due to some symmetries in the C-table-only part of the entries must be calculated as in Algorithm 2.1.
In the solution of Problem 1.1 given in Section 3, we need the following lemma which follows easily from the results obtained in [12, 
Lemma 2.3 (Multi-degree reduction of a Bézier curve with prescribed boundary control points).
Let there be given natural numbers n, m, k, l such that m < n and k + l < m − 1. Let P * be the Bézier curve of degree n,
The Bézier curve of degree m,
having the prescribed control points q 0 , q 1 , . . . , q k and q m−l , q m−l+1 , . . . , q m , and the inner control points
and C j,h (m, k, l) are the coefficients in (2.1), gives the least value of the squared L 2 -error
equal to 
Main result
Recall that for an arbitrary Bézier curve of degree N ,
the following well-known formulas hold (see, e.g., [7, §5.3] ):
Moreover, notice that
where the notation used is that of Problem 1.1. Using the above equations in (1.3) and (1.5), we obtain
Similarly, conditions (1.4) imply that for i ∈ {1, 2, . . . , s − 1}, we have
In particular, we have
Coming back to the problem of constrained multi-degree reduction of a composite Bézier curve (see Problem 1.1), let us observe that for any i ∈ {1, 2, . . . , s} the formulas (3.1)-(3.3) with fixed parameters κ i and λ i,j constitute constraints of the form demanded in Lemma 2.3. Now, by applying this lemma for i = 1, 2, . . . , s to P * := P i , Q * := Q i with n := n i , m := m i , k := r i−1 and l := r i , we obtain the set of the segments of the composite Bézier curve Q (1.1) with control points depending on the parameters. In order to solve Problem 1.1, we have to determine the optimum values of the parameters (cf. Remark 1.2).
Let us denote
where ρ i := (r i + 1)d. The optimum values of the parameters can be obtained by minimizing the error function (1.2),
where points p i,0 , p i,1 , . . . , p i,ni and q i,0 , q i,1 , . . . , q i,mi , respectively. For a minimum of E, it is necessary that the derivatives of E with respect to the parameters κ h i and λ h i,j are zero, which yields a system of σ linear equations with σ unknowns, where σ := ρ 1 + ρ 2 + . . . + ρ s−1 . Hence, for i = 1, 2, . . . , s − 1, we have
Now, we summarise the whole idea in Algorithm 3. Step 1.
Step 2. Compute E i (i = 1, 2, . . . , s) by (3.5).
Step 3. Solve the system of linear equations (3.6), (3.7).
Step 4. Compute q 1,j (j = 0, 1, . . . , r 0 ) by (3.1).
Step 5. Compute q s,ms−j (j = 0, 1, . . . , r s ) by (3.2).
Step 6. Compute q i,mi−h and q i+1,h (i = 1, 2, . . . , s − 1; h = 0, 1, . . . , r i ) by (3.3).
Step 7. For i = 1, 2, . . . , s, set P * := P i , Q * := Q i , n := n i , m := m i , k := r i−1 , l := r i , and compute the control points q i,j (j = r i−1 + 1, r i−1 + 2, . . . , m i − r i − 1) using Lemma 2.3.
Step 8. Return q i,j (i = 1, 2, . . . , s; j = 0, 1, . . . , m i ).
Remark 3.2.
In case, where interpolation conditions are imposed at the endpoints of the original segments (see Remark 1.3), Algorithm 3.1 must be slightly modified. Note that the parameter κ i (i = 1, 2, . . . , s − 1) is the meeting point of the consecutive segments Q i and Q i+1 , i.e., κ i = Q i (1) = Q i+1 (0). Therefore, by setting κ i := P (t i ) (cf. (3.3) ), and by removing the subsystem (3.6) from the system, the goal is easily achieved.
Examples
This section provides of the application of our algorithm. We give the squared L 2 -errors E i (i = 1, 2, . . . , s) and E (see (3.5), (3.4)) as well as the maximum errors
where U i := {t i−1 , t i−1 + δ, t i−1 + 2δ, . . . , t i } with δ := (t i − t i−1 )/500.
Results of the experiments have been obtained in Maple TM 13, using 32-digit arithmetic. The system of linear equations (3.6), (3.7) is solved using Maple TM fsolve procedure. Table 2 .
(0.225, 0.228), (0.302, 0.306), (0.297, 0.308), (0.311, 0.322)}, respectively. Note that these Bézier curves are not joined (see Figure 3a) . In spite of that, we set t 0 = 0, t 1 = 0.45, t 2 = 0.68, t 3 = 1, and apply Algorithm 3.1 with m = (6, 5, 5) and r = 1 := (1, 1, 1, 1) . As a result, we obtain the C 1 -continuous composite Bézier curve "G" illustrated in Figures 3b and 3c (errors: E 1 = 9.94e−7, E 2 = 2.84e−6, E 3 = 1.42e−6, E = 5.25e−6, E ∞ 1 = 1.06e−2, E ∞ 2 = 1.42e−2, E ∞ 3 = 9.11e−3, E ∞ = 1.42e−2). In addition, the degrees of the segments are reduced. This example shows that our algorithm can serve as a tool for merging of several unconnected Bézier curves into a smooth composite Bézier curve. Furthermore, in case of C 0 -continuous input curves, the algorithm can eliminate possible rough edges and corners. 
Conclusions
We propose a novel approach to the problem of multi-degree reduction of composite Bézier curves. In contrast to other methods, ours minimizes the L 2 -error for the whole composite curve instead of minimizing the L 2 -errors for each segment separately. The main idea is to connect consecutive segments of the searched composite curve using the conditions (1.4). As a result, an additional optimization is possible. The new problem is solved efficiently using the properties of constrained dual Bernstein polynomial basis. Examples 4.1 and 4.2 show that the new method gives much better results than multiple application of the degree reduction of a single Bézier curve. Furthermore, we observe that a slight modification of the method allows for interpolation of endpoints of the original segments (see Remarks 1.3 and 3.2), which may be useful in some cases (see Example 4.2). Moreover, merging of several unconnected Bézier curves into a smooth composite Bézier curve is also possible (see Example 4.3).
Let us mention that we have studied also the extended version of Problem 1.1 where the parametric continuity conditions (1.3)-(1.5) are replaced by geometric continuity constraints. We have observed that in this case the error function E becomes a high degree polynomial function of many variables, even for modest values of r i 's. Consequently, we have to deal with constrained nonlinear programming problem in order to find optimal values for the parameters. Experiments show that calculations may be painfully long. So far, we have not been able to give an efficient algorithm of solving this task.
